Abstract. B-fields over a groupoid with involution are defined as Real graded Dixmier-Douady bundles. We use these to introduce the Real graded Brauer group BrR * (G) which constitutes the set of twistings for Atiyah's KR-functor in the category of locally compact groupoids with involutions. We interpret this group in terms of groupoid extensions and elements of some equivariantČech cohomology theory. The construction of the twisted KR-functor is outlined.
Introduction
A space X equipped with an involution τ : X −→ X (i.e. τ is a homeomorphism such that τ 2 = 1) is called a Real space. A Real vector bundle over X is a complex vector bundle E −→ X which is itself a Real space such that the projection is equivariant, and the induced isomorphism E x −→ E τ (x) is conjugate linear. The group KR(X) was defined by Atiyah [1] to be the Grothendieck group of isomorphism classes of Real vector bundles over X. It was argued in [11, §5] that in a spacetime manifold with a 2-periodic symmetry τ, D-brane charges correspond, in the case of a vanishing NS B-field, to Real vector bundles on the Real space X; while in the presence of a non-vanishing flat B-field, D-branes take values in twisted K-theory [2] . It is moreover known [3] that a NS B-field corresponds to 3-integral cohomology class ω such that τ * ω = −ω, hence an element in some appropriate cohomology theory HR * for Real spaces to be defined. It is then natural to expect that in the presence of a symmetry τ and of B-fields, D-branes should take values in a twisted version of KR-theory. The purpose of this note is to bring this idea to the more general context of groupoids.
The paper is organised as follows. We give the notion of Real groupoids and illustrate it by simple examples in §1. In §2, we introduce a kind of equivariant cohomology theory for Real groupoids and in §3 we adapt the theory of non-abelian extensions to the Real case. In §4, we classify involutions on graded algebras of compact operators which may be thought of as the universal elements in the study of Real graded Dixmier-Douady bundles we introduce. §5 is devoted to the study of B-fields in terms of cohomology classes. We close these notes by defining twisted Real K-theory of Real groupoids and giving some of its basic properties.
Real groupoids
Recall that a topological groupoid G / / r s / / G (0) consists of a space G (0) (the unit space), a space G of morphisms s(g) g −→ r (g), continuous maps s, r : G −→ G (0) called source and range map, respectively, an inverse map i : G ∋ g −→ g −1 ∈ G, and a partial product G (2) ∋ (g, h) −→ gh ∈ G, where G (2) is the set of composable pairs.
We say that (G, τ) is a Real groupoid. If G is a Lie groupoid, τ is required to be a diffeomorphism. We will often writeḡ for τ(g), and we leave out τ. Suppose G and Γ are Real groupoids. A morphism φ : Γ −→ G is Real if φ(γ) = φ(γ), ∀γ ∈ Γ ; in this case we say that φ is a morphism of Real groupoids. By G R we denote the subgroupoid of invariant elements of G.
Observe that if the unit space is the point, then G is a topological group G, and the unit element is a fixed point of the involution. Example 1.2. Any topological Real space X in the sense of Atiyah can be thought of as a Real groupoid with unit space and space of morphisms identified with X; i.e., the operations are s(x ) = r (x ) = x , x .x = x , x −1 = x . Example 1.3. Following the example above, the projective space PC n is a Real groupoid with respect to the coordinatewise complex conjugation; (PC n ) R is easily identified with the real projective space PR n . Example 1.4. Let X be a topological Real space. Let us consider the fundamental groupoid π 1 (X) over X whose arrows from x ∈ X to y ∈ X are homotopy classes of paths (relative to endpoints) from x to y and the partial multiplication given by the concatenation of paths with fixed endpoints. The involution τ induces a Real structure on the groupoid as follows: if [γ] ∈ π 1 (X), we set τ([γ]) the homotopy classes of the path τ(γ) defined by τ(γ)(t) := τ(γ(t)) for t ∈ [0, 1]. Example 1.5 (Orientifold groupoid). Consider an orbifold X ⋊ G, where G is a compact group with involution, acting equivariantly (i.e. x · g =x ·ḡ) and freely on the compact Real space X. Then X ⋊ G is a Real groupoid with unit space X, source and range maps s(g, x ) = x g, r (x , g) = x , partial product (x , g) · (x g, h) = (x , gh), and Real structure (x , g) −→ (x,ḡ).
Two Real structures τ and τ ′ on G are said to be conjugate, and we write τ ∼ τ ′ , if there exists a groupoid automorphism φ :
Example 1.6. Let n ∈ N * . Suppose τ is a Real structure on the additive group R n . Then, every u ∈ R n decomposes into a unique sum v + w such that τ(v ) = v and τ(w ) = −w . Indeed, u =
, so that R n = ker(
2 ), and with respect to this decomposition, τ is given by τ(v , w ) = (v , −w ). It then follows that there exists a unique decomposition R n = R p ⊕ R q such that τ is determined by the formula
For each pair (p, q) ∈ N, we will write R p,q for the additive group R p+q equipped with the Real structure (1 p ⊕ (−1 q ) ). Now, we define the Real space S p,q as the stable subset (i.e. invariant under the Real structure) of R p,q consisting of those u ∈ R p+q such that u = 1. For q = p, S p,p is clearly identified with the Real space S p whose Real structure is given by the coordinatewise complex conjugation. Notice that S p,0 is the fixed point subset of S p,q . (2) ; (e) zs(z) = z for all z ∈ Z, where we identify s(z) with its image in G by the inclusion G (0) ֒→ G.
We say that Z is a (right) Real G-space. The Real action is free (resp. proper ) if the Real map Z * G ∋ (z , g) −→ (z , z g) ∈ Z×Z is one-to-one (resp. proper).
Example 1.8. Let (p, q) ∈ N, and let us denote by Z p,q the group Z p+q = Z p ⊕ Z q equipped with the Real structure inherited from that of R p,q . Then, it is straightforward to see that the usual action of Z p+q on R p+q by translation is compatible with the Real structures, so that R p,q is a Real Z p,q -space. 
(a) π is locally split (i.e. it admits local sections), and
Finally, we say that
, and a homeomorphism
such that if we denote by τ Z and τ Y the Real structures of Z and Y , respectively, then the following diagram commutes
Indeed, it is easy to check that the kernel of this map is Z 0,1 , so that S 1,1 is isomorphiic (as a Real group) to the Real group T 0,1 :
Γ to a Real groupoid G consists of a Real space Z, and two Real continuous open maps
giving to Z the structures of a left Real Γ -space (with respect to r) and a right Real G-space (with respect to s), such that (a) the two actions commute:
Such a Z is said to be a Morita equivalence if in addition (c) s : Z −→ G (0) is a locally trivial Real principal Γ -bundle. In that case, we say that the Real groupoids Γ and G are Morita equivalent, and we write Γ ∼ Z G.
Example 1.12. Let f : Γ −→ G be a strict Real morphism. Let us consider the fibred product
,r G and the maps r :
Using the definition of a strict morphism, it is easy to check that these maps are well defined and make Z f into a generalized morphism from Γ to G. Furthermore, these maps are compatible with the Real structure τ on Z f defined by τ(y , g) := (ȳ ,ḡ); so that Z f is generalized Real morphism.
Given a Morita equivalence Γ ∼ Z G of Real groupoids, its inverse, denoted by (Z −1 , τ), is (Z, τ) as Real space, and if ♭ : Z −→ Z −1 is the identity map, the left Real G-action on (Z −1 , τ) is given by g · ♭(z) := ♭(z · g −1 ), and the right Real Γ -action is given by ♭(z) · γ := ♭(γ −1 · z); Z −1 is then a generalized Real morphism from G to Γ .
RealČech cohomology
In this section we recall the definition of RealČech cohomology defined in the author's thesis [8] . First recall from [9] that the cohomology groupš H * (G • , F • ) are defined as theČech cohomology groups of the simplicial spaces G • with n-simplex
and where F • is an (pre-)simplicial (pre-)sheaf over G • (cf. [9] ). The ncochains on G with respect to a pre-simplicial open cover U • = ({U n λ } λ∈Λn ) n∈N of G • are the elements of the group
where
is the unique increasing injective map that avoids k. Now, let G be a Real groupoid. Then G n is a Real space with respect to the involution
, where S is an abelian group equipped with a Real structure s −→s. Then, F • is a Real sheaf over G • in the sense that for all n ∈ N, and for all pre-simplicial Real open cover U • of G • , we have a commutative diagram
whenever V n λ ⊂ U n λ , where the horizontal arrows are the restriction maps, and the vertical ones are defined by
Definition 2.1. Let G and F be as above. Given a pre-simplicial Real open cover U • of G • , we will write for simplicity
Then, an element in CR n (U • , S) is called a Real n-cochain with coefficient in S with respect to U • . Then the complex of abelian groups
We define the n th Real cohomology group of G with coefficients in S relative to U • as
Finally, we define the RealČech cohomology groups of G with coefficients in the Real group S byȞ
where the injective limit is taken over the collection of all pre-simplicial Real open covers of G • (see [9] ). Examples 2.2. 1) (The groupȞR 0 ). From the construction,ȞR 0 (G • , S) ∼ = Γ inv (G (0) , S) R , where the latter is the group consisting of continuous functions f :
, and which are G-
2) (The groupȞR 1 (G • , S)). It is easily checked thatȞR 1 (G • , S) is isomorphic to the abelian group Hom RG (G, S) of isomorphism classes of generalized Real morphisms from G to S. In other words,ȞR 1 (G • , S) classifies the isomorphism classes of Real G-equivariant principal S-bundles over the Real space G (0) . For instance, with respect to the trivial Real structure on G, we havě
3) (The Real Picard group). A particular case of the above is when S = S 1 equipped with the complex conjugation. In this case,ȞR 1 (G • , S 1 ) is isomorphic to the Real Picard group PicR(G) of G defined as the set of isomorphism classes of G-equivariant Real line bundles over G (0) equipped with G-invariant hermitian metrics compatible with the Real structures. In particular, if τ is trivial, then 4) (Field strenght of Neveu-Schwarz B-fields). Let M be a smooth compact 10-manifold with involution τ : M −→ M. ThenȞR n (M • , Z 0,1 ) consists of all n-forms ω ∈ Ω n (M) such that τ * ω = −ω. for instance, in a superstring theory background, an element inȞR 3 (M • , Z 0,1 ) may be thought of as the field strenght of a NS B-field (cf. [3] ); this justifies the terminology used in Section 4. 
Real graded central extensions
, where the action is induced from the Real inclusion Z 2 = {0, 1} ֒→ S 1 obtained by identifying 1 with 1 + i0 ∈ S 1 . Furthermore, if G is proper, then
The proof is almost the same as that of [5, Corollary 2.25].
Remark 3.4. Note that G is a space with the trivial involution, then ExtR(X, S 1 ) is actually the graded analog of the group of stable isomorphism classes of real bundle gerbes defined by Mathai-Murray-Stevenson in [7] .
B-fields over Real groupoids
Let K ev = K(Ĥ) be the Z 2 -graded C * -algebra of compact operators, with grading given by Ad u 0 (cf. Example 3.2). Let N) ) with the odd grading (T 1 , T 2 ) −→ (T 2 , T 1 ). A Z 2 -graded C * -algebra A is said elementary of parity 0 (resp. 1) if it is isomorphic to K ev (resp. K od ).
Recall that a Real C * -algebra is a C * -algebra A endowed with a Real structure; i.e., an involutory conjugate linear automorphism σ : A −→ A. In this section we are concerned, among other things, with Real structures on K ev and K od . We classify these as follows. First observe that a Real structure on K ev is neccessarily in the form Ad J , for a conjugate linear homogeneous unitary J :Ĥ −→Ĥ such that J 2 = ±1. Say a Real graded C * -algebra A is of type [0; ε, η], if it is isomorphic (in an equivariant way) with K ev equipped with a Real structure Ad J such that ∂(J) = ε ∈ {0, 1} and J 2 = η1, η ∈ {±}. Note that types do add up under graded tensor product: A s(g) −→ A r (g) such that α gh = α g • α h whenever the product makes sense and such that αḡ(ā) = α g (a)∀a ∈ A s(g) , a family of Z 2 -graded isomorphisms h x : A x −→K (whereK is either K ev or K od and is the same for every x ), and a Real structure σ onK such that the following commutes
. The family α is called the Real G-action. Such A is said of type p mod 8 ifK is a Real graded elementary C * -algebra of type K p with respect to σ. The triple (A, α, p) will be called a B-field of type p over the Real groupoid G; for the sake of simplicity, the B-field will be represented by the bundle A.
There is a canonical B-field K G of type 0 constructed as follows. Let µ = {µ x } x∈G (0) be a Real Haar system (i.e. τ * µ = µ); this is easily seen to always exist. For each x ∈ G (0) , consider the graded Hilbert spaceĤ x,G := L 2 (G x ;Ĥ) with scalar product
LetĤ G := x∈XĤ x be equipped with the action
Define the Real structure on H G by
where for ϕ ∈ L 2 (G x ) and g ∈ G x , τ(ϕ)(g) := ϕ(ḡ). Then one shows that there exists a unique topology onĤ G such that the canonical projection H G −→ G (0) defines a locally trivial Real graded Hilbert G-bundle. Now, let K x := K( H x ) be equipped with the operator norm topology, and put
together with the Real structure given by (x , T ) := (x,T ), whereT ∈ Kx is defined byT (ϕ⊗ξ) := T (τ(ϕ)⊗Ad J R (ξ)) for any ϕ⊗ξ ∈ Hx . Next, define the Real G-action θ on K G by θ g (s(g), T ) := (r (g), gT g −1 ). Note that BrR 0 (G) is a subgroup of BrR * (G). Furthermore, the map sending a B-field A into the pair consisting of its type p and the B-field A⊗ K 8−p of type 0 induces an isomorphism of abelian groups
Then the canonical projection
K G −→ X, (x , T ) −→ x makes K G into a B-(4.2) BrR * (G) ∼ =ȞR 0 (G • , Z 8 ) ⊕ BrR 0 (G).
Cohomological interpretation of BrR
The purpose of this section is to show the following.
To do so, we just need to show BrR 0 (G) ∼ = ExtR(G, S 1 ), thanks to Theorem (3.3) and the isomorphism 4.2.
Note that the isomorphism mentioned in Example 2.2 2) remains true even for a non-abelian Real group S; in that case the setȞR 1 (G • , S) ∼ = Hom RG (G, S) is however not a group since the sum of two cocycles is not necessarily a cocycle. Nevertherless, the setsȞR 1 (G • , PU(Ĥ)) andȞR 1 (G • ,Û 0 (Ĥ)) are abelian monoids under the operations of taking the graded tensor product of cocycles (and considering a fixed isomorphism of Real graded Hilbert spacesĤ⊗Ĥ ∼ =Ĥ). The corresponding operation in Hom RG (G, PU(Ĥ)) and Hom RG (G,Û 0 (Ĥ)) is written additively.
where Hom RG (G, PU(Ĥ)) stable := {P ∈ Hom RG (G, PU(Ĥ)) | P + P 0 = P }.
is a B-field of type 0. Conversely, if A is a B-field of type 0, then we obtain P by setting P x := Isom (0) ( K 0 , A x ), the latter being the set of graded * -isomorphisms. We then have a split-exact sequence of abelian monoids
where the second arrow is induced by the canonical projection.
We only explain the map Hom RG (G, PU(Ĥ)) −→ ExtR(G, S 1 ). Given P : G −→ PU(Ĥ), we may view it as a morphism of Real groupoids p : Γ −→ PU(Ĥ) where Γ is a Real groupoid Morita equivalent to G. Hence we obtain a Real graded S 1 -central extension ( Γ , Γ, δ) by pulling back the extension (Û(Ĥ), PU(Ĥ), ∂) (cf. Example 3.2) along p.
Now the proof of Theorem 5.1 is straightforward.
Remark 5.4. It is easy to verify that if G is a CW-complex X with the trivial involution, then we recover Donovan-Karoubi's graded orthogonal Brauer group GBrO(X)
Example 5.5. BrR * (pt) = Z 8 .
Twisted KR-theory
For a B-field A over the Real groupoid G, the convolution * -algebra C c (G; s * A) is given the fibrewise grading of A, and comes equipped with the Real structure ξ −→ξ, where for ξ ∈ C c (G; s * A),ξ(g) := ξ(ḡ), ∀g ∈ G. This induces a Real structure on the graded reduced C * -algebra A ⋊ r G := C * r (G; s * A).
Definition 6.1. Twisted KR-theory is defined in terms of Kasparov's bivariant Real K-theory [6] by setting
where the complex Clifford algebras Cl k,l carry out the Real structure induced from the involution
We deduce immediately the following Proposition 6.2 (Bott periodicity). KR
A particular case is when G consists of two pieces G 1 and G 2 with involution going from G 1 to G 2 and vice versa. In that case, we recover ordinary twisted complex K-theory: giving A is equivalent to giving a G 1 -equivariant bundle of complex elementary C * -algebras A 1 on the unit space X 1 of G 1 , together with its conjugate bundle over the other piece. Therefore BrR * (G) ∼ = Br * (G 1 ), where the latter is the graded complex Brauer group [4, 5, 10] . What is more, we have Lemma 6.3. In the situation above,
Example 6.4. The Real space S 0,1 is the set {−1, +1} together with the involution −1 −→ +1. Thus, BrR(S 0,1 ) ∼ = Br(pt) ∼ = Z 2 since bundles of graded elementary complex C * -algebras on the point are trivial, and are therefore characterized by their parity. Moreover, if A ∈ BrR(S 0,1 ) is realized by i ∈ Z 2 , we get (after tensoring with Z[ More generally, an element of BrR * (G) being obviously in the graded complex Brauer group Br * (G), the twisted complex K-theory groups K * A (G) are well defined and are 2-periodic. Moreover, from a slightly tricky construction of an involution on the Kasparov KK-group KK(Cl k,l , A ⋊ r G), we obtain the following decomposition of twisted complex K-groups of G. Theorem 6.5. Suppose G is equipped with a non-trivial Real structure. Then for A ∈ BrR * (G) and j ∈ Z, we have
We shall point out that twisted KR-theory of orientifold groupoids (Example 1.5) admits a more concrete picture. Roughly speaking, it can be expressed in terms of equivariant Fredholm operators. First we fix for every difference −n = q − p ∈ Z degree 1 operators ε 1 , ..., ε q , e 1 , ..., e p ∈ L(Ĥ) such that ε 2 i = 1, ε * = ε i , i = 1, .., q, e 2 j = −1, e * j = −e j , j = 1, ..., p and ee ′ = −e ′ e, ∀e = e ′ ∈ {ε i , e j }. Next defineF n as the subset of L(Ĥ) of degree 1 operators F such that F 2 − 1, F * − F ∈ K 0 , and F e = −eF, ∀e ∈ {ε i , e j ; i = 1, ..., q, j = 1, ..., p}. Similarly, formÛ(Ĥ) n the Real subgroup of U(Ĥ) of those u that commute with the ε i and e j . Then let PU(Ĥ) n be the image ofÛ(Ĥ) n in the quotient PU(Ĥ). Then Theorem 6.6. Suppose a B-field A over the orientifold groupoid X ⋊ G is represented by a Real graded Dixmier-Douady bundle of type 0. Let P ∈ Hom RG (G, PU(Ĥ)) stable be its corresponding generalized morphism. Then for n = p − q ∈ Z,
where P (n) −→ X is the Real G-equivariant subbundle of P whose fibre at x ∈ X consists of all elements ϕ ∈ Isom (0) ( K 0 , A x ) such that for all a ∈ A x , the operator ϕ −1 (a) commutes with the ε i and e j . Here [·, ·]
PU(Ĥ)n R means PU(Ĥ) n -equivariant functions that are compatible with the Real structures.
